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Introduction

Compact metric graph

Set of points (vertices) connected by segments (edges),

equipped with a metric structure (equipped with a distance),

composed by a finite number of vertices and edges of finite
length.
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Let G be a compact metric graph. In H = L2(G ,C) equipped
with the norm ‖ · ‖, we consider the bilinear Schrödinger equation{

i∂tψ(t) = −∆ψ(t) + u(t)Bψ(t), t ∈ (0,T ),

ψ(0) = ψ0 T > 0.
(BSE)

−∆ is a Laplacian equipped with self-adjoint boundary
conditions,

B is a bounded symmetric operator in H ,

u ∈ L2((0,T ),R) is the control function for T > 0.

Let Γu
t be the unitary propagator of the (BSE ).

Aim: Study the controllability of the (BSE ) in a suitable M⊂H
according to the boundary conditions and structure of G .

∀ψ1, ψ2 ∈M : ‖ψ1‖ = ‖ψ2‖, ∃T , u =⇒ Γu
Tψ

1 = ψ2.
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Boundary conditions for D(−∆)

Neumann-Kirchhoff (NK) in v (internal vertex)

(NK) :

{
f is continuous in v ,∑

e∈N(v) σe(v) ∂f∂xe (v) = 0,

where N(v) is the set of edges containing v and{
σe(v) = 1 if the direction of e is ingoing in v ,

σe(v) = −1 if the direction of e is outgoing in v .

Dirichlet (D) or Neumann boundary conditions (N ) in
the external vertices.

(D) : f (v) = 0, (N ) :
∂f

∂x
(v) = 0.
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Some Literature for G = [a, b] and a < b

Local Exact Controllability and well-posedness: Beauchard
and Laurent (2010).

(Simultaneous and non) Global Approximate Controllability:
Chambrion, Mason, Sigalotti and Boscain (2009); Boscain,
Caponigro, Chambrion and Sigalotti (2012).

Simultaneous Local Exact Controllability: Morancey (2014).

Simultaneous Global Exact Controllability: Morancey and
Nersesyan (2014).
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Peculiarities of the problem

Let {λk}k∈N be the (ordered) spectrum of −∆.

If G = [a, b] for a < b =⇒ inf
k∈N
|λk+1 − λk | > 0, (1)

=⇒ well-posedness and local exact controllability.

If G is generic =⇒

{
(1) is not guaranteed but

infk∈N |λk+2N+1 − λk | > 0

(N is the number of edges of G ). We need more. Let d ≥ 0.

Assumptions A.1(d): There exists C > 0 so that

|λk+1 − λk | ≥
C

kd
, ∀k ∈ N.
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Let η > 0, d ≥ 0 and 〈·, ·〉 be the scalar product in H .

We call

Hs
G := D(| −∆|

s
2 ), s ≥ 0.

Assumptions A.2(η, d):

We have B : H2
G → H2

G and

B : H2+η+d
G → H2+η+d ∩ H2

G .

There exists C > 0 such that

|〈φj ,Bφ1〉| ≥
C

j2+η
, ∀j ∈ N.

For every j , k , l ,m ∈ N such that λj − λk − λl + λm = 0,

〈φj ,Bφj〉 − 〈φk ,Bφk〉 − 〈φl ,Bφl〉+ 〈φm,Bφm〉 6= 0.
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Well-posedness

Theorem (D.)

Let the couple (−∆,B) verify Assumptions A.1(d) and
Assumptions A.2(η, d) with d + η ∈ [1, 3/2). The well-posedness

of the (BSE) is guaranteed in H2+η+d
G .

The following interpolation proposition is crucial for the
well-posedness of the (BSE ).

Proposition (D.)

If G is a graph equipped with Dirichlet and Neumann type
boundary conditions, then

H3+s1
G = H3

G ∩ H3+s1 for s1 ∈ [0, 1/2).
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Global exact controllability

Theorem (D.)

Let the couple (−∆,B) verify Assumptions A.1(d), i.e there exists
C > 0 so that

|λk+1 − λk | ≥
C

kd
, ∀k ∈ N.

If (−∆,B) satisfies Assumptions A.2(η, d) with d + η ∈ [1, 3/2),

then the (BSE ) is globally exactly controllable in H2+d+η
G , i.e.

∀ψ1, ψ2 ∈ H2+η+d
G : ‖ψ1‖H = ‖ψ2‖H , ∃T > 0, u ∈ L2((0,T ),R)

⇒ Γu
Tψ

1 = ψ2.

Remark

Under suitable assumptions, the well-posedness and the global
exact controllability can also be guaranteed when η + d ∈ (0, 7/2)
in H2+ε

G with ε ∈ [max{η + d , 1}, 7/2).
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Examples: global exact controllability

Let B|L2(e1) = (x − L1)4 and B|L2(ek ) = 0 with k 6= 1.

e1

e2

e3

e4

Neumann-Kirchhoff Dirichlet

{

1; fLjgj≤4

}

are Q-linearly independent

and 8Lj=Lk algebraic irrational numbers,

For almost every fLjgj≤4 such that

the (BSE ) is globally exactly controllable in H4+ε
G with ε ∈ (0, 1/2).

Other examples:
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Energetic controllability

According to the structure of G , we can exhibit some
eigenfunctions {ϕj}j∈N of −∆.

'j

supp('j) = e1 [ e2

e1

e2

L1 = L2

Let ϕj |e1 = −ϕj |e2 be so that ϕj |e1 is the j-th eigenfunction of

ADψ = −∆ψ, ∀ψ ∈ D(AD) = H2(e1,C) ∩ H1
0 (e1,C).

The function ϕj is an eigenfunction of −∆ on G . We define

H̃ := span{ϕl | l ∈ N}L
2

.

The spectrum of −∆ in H̃ is explicit and it is possible to verify
the validity of Assumptions A.1.
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If (−∆,B) satisfies Assumptions A.1(d) and Assumptions

A.2(d , η) in H̃ for suitable η > 0 and d ≥ 0, then the global
exact controllability can be guaranted in

H2+η+d
G ∩ H̃ .

As {ϕj}j∈N ⊂ Hs
G for every s > 0, we have

∀ϕl , ϕm, ∃T > 0, u ∈ L2((0,T ),R) =⇒ Γu
Tϕl = ϕm.

Let {λ̃k}k∈N be the spectrum of −∆ in H̃ .

=⇒

{
(BSE ) is energetically controllable

with respect to {λ̃k}k∈N.
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Examples: energetic controllability

e1
e2e3

e4

e5
e6

BjL2(e1) = (x � L 1)
2;

BjL2(ek) = 0; k 6= 1:

If Lk = Lj , ∀k , j ≤ 6,

=⇒ (BSE ) is energetically controllable with respect to{
k2π2

L21

}
k∈N

.
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Local exact controllability

The local controllability in a neighborhood of φ1 in Hs
G with s ≥ 0

corresponds to local surjectivity of the map

Γ
(·)
T φ1 : L2((0,T ),R)→ Hs

G ,

Γu
Tφ1 =

∑
k

φk〈φk , Γu
Tφ1〉,

which is equivalent to the local surjectivity of the map

αk,1 = 〈φk , Γu
Tφ1〉, k ∈ N.

Generalized Inverse Function Theorem ⇒ surjectivity of
γ := (duα(u = 0)) · v

γk,1(v) = −i
∫ T

0
v(s)e−i(λ1−λk )sds〈φk ,Bφ1〉. (2)
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Solvability of the moment problem (2) ⇒ Beurling’s Theorem.

{
infk∈N |λk+2N+1 − λk | > 0,

|λk+1 − λk | > Ck−d ,
⇒

{
solvability in

X (d , η) ⊆ `2.

Peculiarities of the proof:

Common approach: Well-posedness in H3
G ⇒ moment

problem in `2 ⇒ not enough if

inf
k∈N
|λk+1 − λk | 6> 0.

New approach: Interpolation features ⇒ well-posedness in
H2+d+η

G ⇒ moment problem in X (d , η).
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Thank you for your attention!
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